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We derive a theoretical model for the Rayleigh-Taylor (RT)-like instability for a thin foil acceler-
ated by an intense laser, taking into account finite wavelength effects in the laser wave field. The
latter leads to the diffraction of the electromagnetic wave off the periodic structures arising from the
instability of the foil, which significantly modifies the growth rate of the RT-like instability when the
perturbations on the foil have wavenumbers comparable to or larger than the laser wavenumber. In
particular, the growth rate has a local maximum at a perturbation wavenumber approximately equal
to the laser wavenumber. The standard RT instability, arising from a pressure difference between
the two sides of a foil, is approximately recovered for perturbation wavenumbers smaller than the
laser wavenumber. Differences in the results for circular and linear polarization of the laser light
are pointed out. The model has significance to radiation pressure acceleration of thin foils and to
laser-driven inertial confinement fusion schemes, where RT-like instabilities are significant obstacles.
The Rayleigh-Taylor (RT) instability, or RT-like in-
stabilities [1], is one of the main obstacles preventing
a greater success of the radiation pressure acceleration
scheme for accelerating thin foils of ions by intense lasers
[2–8], and in the realization of inertial confinement fu-
sion via laser compression and heating of fuel pellets
[9]. While the RT instability was originally associated
with a heavier fluid on top of a lighter fluid in a gravi-
tational field [10], similar instabilities occur for plasmas
confined by magnetic fields (e.g. Ref. [14]), and when
a thin foil is accelerated by the pressure difference be-
tween the two sides of the foil [1, 2]. The growth rate
of the RT instability for laser accelerated plasma is typ-
ically proportional to
√
gk, where g is the acceleration
and k the wavenumber of the surface perturbation. This
predicts that the instability grows indefinitely for large
wavenumbers; while in some experiment and simulations,
the RT instability gives rise to structures with a spatial
periodicity comparable to the laser wavelength [7]. The
assumption of a constant normal pressure force is reason-
able as long as the perturbations of the foil are relatively
small and when the length-scales of the perturbations are
much larger than the wavelength of the laser [2]. How-
ever, the laser light has a finite wavelength, and is scat-
tered off the periodic structures leading to a diffraction
of the electromagnetic (EM) wave. Therefore the direc-
tions of the scattered light will be quantized, and the
”pressure” picture can only be expected to be approxi-
mate for monochromatic laser light. Theoretical investi-
gations of the instabilities resulting from the scattering of
EM waves off plasma surface perturbations include the
RT instability of an over-dense plasma layer [11] using
a magnetohydrodynamic-like model for the plasma, and
the scattering off surface plasma waves [12] where the
electron dynamics is the dominant source of the insta-
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bility. The aim of this Letter is to solve the scattering
problem and to derive a model for the instability of an
ultra-thin, perfectly conducting foil accelerated by the
radiation pressure of a finite wavelength intense laser.
We assume that the laser interacts with a foil where the
electron density is much higher than the critical density
so that no laser light penetrates the foil. We carry out
the calculations in a frame moving with the velocity of
the unperturbed foil. In this frame, the dynamics of the
initially small-amplitude perturbations of the foil is non-
relativistic. The results obtained in the moving frame can
later be Lorentz transformed to the laboratory frame, but
we will here for simplicity assume that the speed of the
foil is non-relativistic. The velocity v of the foil relative
to the accelerated frame is governed by the momentum
equation
M
(
∂
∂t
+ vx
∂
∂x
+ vy
∂
∂y
)
v = F−Mg0ẑ, (1)
where M(x, y, t) is the surface mass density, g0 = F0/M0
is the acceleration of the unperturbed foil in the z-
direction, M0 is the unperturbed areal mass density of
the foil, F0 = 2I0/c is the radiation pressure force, I0
is the incident laser intensity, and c the speed of light
in vacuum. The force F is due to the space- and time-
dependent EM field acting on the foil. For an unper-
turbed foil, with M = M0, the force F would be exactly
canceled by the inertial force −M0g0ẑ, but due to per-
turbations in the foil, the forces are not exactly canceled,
which will lead to the RT-like instability. The mass den-
sity is governed by the continuity equation
∂M
∂t
+
∂(Mvx)
∂x
+
∂(Mvy)
∂y
= 0. (2)
The foil surface can be parameterized as S(x, y, z, t) =
z − η(x, y, t) = 0, where η is the surface elevation of the
foil in the z-direction. The velocity and surface elevation
ar
X
iv
:1
40
8.
15
58
v1
  [
ph
ys
ics
.sp
ac
e-p
h]
  7
 A
ug
 20
14
2are connected through the kinematic condition
∂η
∂t
= v · ∇S. (3)
Equations (1)–(3) are completed by initial conditions on
η and on M and v at z = η.
First we notice that the assumption of a constant ra-
diation pressure force F0 acting perpendicularly to the
surface on one side of the foil [1, 2] would lead to that
F = F0∇S in Eq. (1) and to a “standard” RT instabil-
ity with the growth rate
√
g0k. Here we will instead
determine F by taking into account that the electric
and magnetic fields E and B evolve in time according
to Maxwell’s equations, obeying boundary conditions at
the foil surface as well as radiating boundary conditions
far away from the foil. We assume that the foil is per-
fectly conducting, and therefore the electric field parallel
to the surface and the magnetic field perpendicular to
the surface are zero in a system (denoted by primed vari-
ables) moving with the same velocity as the surface, with
the boundary conditions expressed as E′ × ∇S = 0 and
B′ · ∇S = 0 at z = η. Assuming non-relativistic ve-
locities in the moving frame, the magnetic and electric
fields are Galilei transformed from the system moving
with the foil surface (primed variables) to the acceler-
ated frame (unprimed variables) as E′ = E+ v×B and
B′ = B−v×E/c2 ≈ B. (The term −v×E/c2 will only
contribute to the boundary conditions with terms of or-
der v2/c2 compared to unity, and is therefore neglected.)
This gives
B · ∇S = 0 (4)
for the magnetic field, while for the electric field we have
0 = E′ × ∇S = (E + v × B) × ∇S = E × ∇S − v(B ·
∇S) +B(v ·∇S), where B ·∇S = 0 and v ·∇S = ∂η/∂t,
giving
E×∇S +B∂η
∂t
= 0 (5)
at z = η.
The force acting on the surface can be calculated using
the EM volume force [13]
f = ∇ · σ¯ − 0 ∂
∂t
E×B, (6)
where
σij = 0
(
EiEj − 1
2
δijE
2
)
+
1
µ0
(
BiBj − 1
2
δijB
2
)
(7)
is the Maxwell stress tensor on component form, δij rep-
resents the unit tensor, 0 is the electric permittivity in
vacuum, and µ0 = 1/(0c
2) is the magnetic permeability
in vacuum. Integrating f from z = η−ε to η+ε, assuming
that E and B are zero for z > η, and letting ε→ 0 gives
the EM area force F = −σ¯ · ∇S − 0E×B∂η/∂t, which,
using the boundary conditions (4) and (5), simplifies to
F =
1
2
(
B2
µ0
− 0E2
)
∇S. (8)
It should be emphasized that in Eq. (8), E and B are
the total electric and magnetic fields at the foil surface,
to be determined below.
Perturbing and linearizing the system of equations (1)–
(3) and (8) around the equilibrium solution v = 0, η = 0,
M = M0, S = z, E = E0(t), and B = B0(t), gives
∂4η1
∂t4
+
F 20
M20
(
∂2η1
∂x2
+
∂2η1
∂y2
)
=
1
M0
∂2
∂t2
(
B0 ·B1
µ0
−0E0·E1
)
,
(9)
where the subscript 1 denotes small-amplitude, first-
order perturbations. For circularly polarized light, the
zeroth order EM force is
F0 =
1
2
(
B20
µ0
− 0E20
)
, (10)
while for linearly polarized light a time averaging over one
laser period removes second harmonics and reduces F0 a
factor 2 for given amplitudes B0 and E0. Equation (9) is
completed by finding the dependence of E1 and B1 on η1.
The general form of Eq. (9) is that of a mode-coupling
equation, where the low-frequency perturbations of the
foil are driven by the coupling (beating) between the large
amplitude EM wave (B0, E0) and its small-amplitude
side-bands (B1, E1).
Writing out the components of the boundary condi-
tions (4) and (5) gives
Bz −Bx ∂η
∂x
−By ∂η
∂y
= 0, (11)
Ey + Ez
∂η
∂y
+Bx
∂η
∂t
= 0, (12)
and
Ex + Ez
∂η
∂x
−By ∂η
∂t
= 0, (13)
at z = η. An incident EM wave will be reflected by the
foil, and perturbations in the foil surface will lead to the
refraction of the wave. The electric and magnetic fields
can be written E = Ei0 + Er and B = Bi0 +Br, where
Ei0 and Bi0 are the fields of the incident wave and Er
and Br of the reflected wave. In what follows, we will
show details of the calculations for a circularly polarized
incident wave, and at the end only state the final re-
sult also for a linearly polarized wave. More details of
the derivations will be given elsewhere. For an incident,
right-hand circularly polarized EM wave propagating in
the z-direction, we have
Ei0 =
ê
2
Êi0e
iθi + c.c. (14)
and
Bi0 =
ê
2
B̂i0e
iθi + c.c., (15)
3where ê = x̂ + iŷ describes the polarization, x̂ and
ŷ are unit vectors in the x- and y-direction, θi =
k0z − ω0t is the phase of the incident wave, k0 is the
incident wave-number, ω0 = ck0 the frequency, and
Êi0 = icB̂i0. For linearly polarized light with the elec-
tric field along the x-axis, we would instead have Ei0 =
(x̂/2)Êi0 exp(iθi)+c.c., Bi0 = (ŷ/2)B̂i0 exp(iθi)+c.c.,
and Êi0 = cB̂i0. We next assume small perturbations
of the surface, so that η(x, y, t) = η1(x, y, t), where
|∇||η1|  1. (It implies small wave steepness |∇η1|  1
and that |η1∇|  1 when acting on E and B.) Then
Ez=η ≈ E0,z=0 + E1,z=0 + η1(∂E0/∂z)z=0 and Bz=η ≈
B0,z=0+B1,z=0+η1(∂B0/∂z)z=0, where |E1|  |E0| and
|B1|  |B0|. At z = 0, we have θi = θ0 = −ω0t. Writing
Er = E˜re
iθ0/2+c.c. and Br = B˜re
iθ0/2+c.c., and lin-
earizing the boundary conditions (11)–(13), we have at
z = 0,
B˜rz1 − B˜rx0 ∂η1
∂x
− B˜ry0 ∂η1
∂y
= B̂i0
(
∂η1
∂x
+ i
∂η1
∂y
)
, (16)
E˜ry1 + η1
∂E˜ry0
∂z
+ B˜rx0
∂η1
∂t
= B̂i0
(
iω0η1 − ∂η1
∂t
)
, (17)
and
E˜rx1+η1
∂E˜rx0
∂z
−B˜ry0 ∂η1
∂t
= −iB̂i0
(
iω0η1−∂η1
∂t
)
. (18)
To zeroth order, the boundary conditions at the foil
surface z = 0 is that the electric field parallel to the foil
is zero, E0 = 0, and therefore Er0 = −Ei0, and it follows
from Maxwell’s equations that Br0 = +Bi0 at z = 0.
Since E0 = 0 and B0 = 2Bi0 in Eqs. (9) and (10), it is
apparent that the foil is accelerated by the magnetic pres-
sure of the EM field. The unidirectional wave equations
∂Er0/∂t−c∂Er0/∂z = 0 and ∂Br0/∂t−c∂Br0/∂z = 0 of
the reflected wave have the boundary conditions Er0 =
−(ê/2)Êi0eiθ0(t) + c.c., and Br0 = (ê/2)B̂i0eiθ0(t) + c.c.,
at z = 0, with the solutions Er0 = −(ê/2)Êi0eiθ0(t′)+c.c.
and Br0 = (ê/2)B̂i0e
iθ0(t
′)+c.c., where the retarded time
t′ is obtained from ct′ = ξ with ξ = z+ct. It follows that
E˜r0 = −êÊi0eiθ0(t′)−iθ0(t) and B˜r0 = êB̂i0eiθ0(t′)−iθ0(t).
Using that ∂t′/∂z = 1/c and Êi0 = icB̂i0, we have
E˜r0|z=0 = −iêcB̂i0, B˜r0|z=0 = êB̂i0, ∂E˜r0/∂z|z=0 =
−êω0B̂i0, and ∂B˜r0/∂z|z=0 = −iêk0B̂i0., which is used
in Eqs. (16)–(18).
We assume a 4-wave model in which the EM wave is
scattered into two EM sidebands off the ripples in the
foil surface, so that E˜r1 = Êr1+ exp(−iωt+ ikxx+ ikyy+
ikz+z) + Ê
∗
r1− exp(iω
∗t − ikxx − ikyy − ik∗z−z), B˜r1 =
B̂r1+ exp(−iωt+ ikxx+ ikyy+ ikz+z) + B̂∗r1− exp(iω∗t−
ikxx − ikyy − ik∗z−z), and η1 = η̂1 exp(−iωt + ikxx +
ikyy) + η̂
∗
1 exp(iω
∗t − ikxx − ikyy). The vacuum wave
equations for the scattered light, ∂2Er1/∂t
2−c2∇2Er1 =
0 and ∂2Br1/∂t
2−c2∇2Br1 = 0, then give the dispersion
relation
(±ω + ck0)2 − c2(k2⊥ + k2z±) = 0, (19)
where k2⊥ = k
2
x + k
2
y. Equation (19) has the solutions
kz± = ∓
√
(k0 ± ω/c)2 − k2⊥, where the branches of the
square root are chosen such that imag(kz±) < 0 for
imag(ω) > 0. This gives radiating boundary conditions
with waves propagating out from the foil and vanishing
at z = −∞, which is consistent with the model. For k0 >
k⊥, the scattered wave is diffracted and propagates out
from the foil at an angle ϕ to the negative z-axis, given
by sinϕ ≈ k⊥/k0, while for k0 < k⊥ the scattered wave is
evanescent and decays rapidly with the distance from the
foil. Separating wave modes proportional to exp(−iωt+
ikxx + ikyy) and exp(iω
∗t − ikxx − ikyy), the bound-
ary conditions (16)–(18) yield the Fourier coefficients
B̂rz1+ = 2B̂i0(ikx − ky)η̂1, B̂rz1− = 2B̂∗i0(ikx + ky)η̂1,
Êry1+ = 2iB̂i0(ω0 + ω)η̂1, Êry1− = −2iB̂∗i0(ω0 − ω)η̂1,
Êrx1+ = 2B̂i0(ω0 + ω)η̂1, and Êrx1− = 2B̂∗i0(ω0 − ω)η̂1.
From the divergence condition ∇ · Er = 0 to the left
of the foil, we obtain Êrz1+ = −2B̂i0(ω0 + ω)(kx +
iky)η̂1/kz+ and Êrz1− = −2B̂∗i0(ω0−ω)(kx−iky)η̂1/kz−,
and from the x- and y-components of Faraday’s law
∂Br/∂t = −∇×Er, we have B̂rx1+ = −2iB̂i0(k2y+k2z+−
ikxky)η̂1/kz+, B̂ry1+ = 2B̂i0(k
2
x + k
2
z+ + ikxky)η̂1/kz+,
B̂rx1− = −2iB̂∗i0(k2y + k2z− + ikxky)η̂1/kz−, and B̂ry1− =
−2B̂∗i0(k2x + k2z− − ikxky)η̂1/kz−.
We next insert these results into Eq. (9) and separate
terms proportional to exp(−iωt + ikxx + ikyy) and/or
exp(iω∗t−ikxx−ikyy). This gives the dispersion relation
for the RT-like instability for circularly polarized incident
laser light,
ω4 − g20k2⊥ = i
ω2g0
2
∑
+,−
k2⊥ + 2k
2
z±
kz±
, (20)
where kz± is given by the solutions of Eq. (19), and
g0 = F0/M0. An analogous calculation for linearly po-
larized light with Ei0 = (x̂/2)Êi0 exp(iθi)+c.c., Bi0 =
(ŷ/2)B̂i0 exp(iθi)+c.c., and Êi0 = cB̂i0 yields the disper-
sion relation
ω4 − g20k2⊥ = iω2g0
∑
+,−
k2x + k
2
z±
kz±
. (21)
The dispersion relations (20) and (21) have one positive
imaginary root ω = iωI , which gives rise to a purely
growing instability with growth rate ωI . If the right-
hand sides of Eqs. (20) and (21) are neglected, then we
recover the standard RT instability with the growth-rate
ωI =
√
g0k⊥. There also exist two real-valued roots
which give rise to oscillatory solutions, similarly as for
the standard RT instability [1]. To compare with ex-
periments and simulations, we notice first that a crit-
ical dimensionless parameter of the system is the nor-
malized acceleration g0/(c
2k0), which can be expressed
4FIG. 1: The normalized growth rate ωI/ω0 of the instability
for circularly polarized waves [panels a), b)] obtained from
Eq. (20), and linearly polarized waves [panels c), d)] obtained
from Eq. (21). Top panels a), c) show color plots of the
growth rate as a function of (kx/k0, ky/k0), while the lower
panels b), d) show line plots of the growth rate (solid lines).
A comparison is made with the standard Rayleigh-Taylor in-
stability (dashed line).
in terms of commonly used laser-plasma parameters as
g0/(c
2k0) = 2σ(Zime/mi)(ncr/ne)a
2
0/(k0d), where Zi is
the charge state of the ions, me and mi the electron and
ion mass, ne/ncr is the ratio of the electron density to
the critical density, a0 = eEi0/(mecω0) is the normal-
ized laser amplitude, d is the foil thickness, and the co-
efficient σ = 1/2 for linearly polarized light and σ = 1
for circularly polarized light. For example, Yan et al.
[3] used circularly polarized light (σ = 1) in their simu-
lations to study the radiation pressure acceleration of a
proton H+ foil (Zi = 1, mi = 1836me) with n0/ncr = 10,
k0d = 0.63, and a0 = 5, giving g0/(c
2k) ≈ 4.3 × 10−3.
On the other hand, Palmer et al. [7] used linearly po-
larized light (σ = 1/2) in their experimental and simu-
lation study of the RT instability of a carbon C6+ foil
(Zi = 6, mi ≈ 12 × 1836 ×me) with ne/ncr = 103, and
k0d = 0.03. Using their values a0 = 10 and a0 = 20 gives
g0/(c
2k) ≈ 9.1× 10−4 and 3.6× 10−3, respectively.
Figure 1 shows the growth rates of the instability for
a typical value g0/(c
2k) = 3 × 10−3. For the case of
circularly polarized light, it is noticeable from Figs. 1a
and 1b that the growth rate of the instability is close
to the one of the standard RT instability for k⊥ < k0,
has a sharply peaked maximum at k⊥ ≈ k0, and has
a lower growth-rate than the standard RT instability for
k⊥ >∼ 1.5k0. For linearly polarized light, we see in Figs. 1c
and 1d that the instability is strongly anisotropic, with
a larger growth rate for perturbation wavenumbers in
the x-direction, parallel to the electric field and perpen-
dicular to the magnetic field of the incident EM wave.
Similar situations often occur in plasmas confined by a
non-oscillatory magnetic field and gives rise to RT-like in-
stabilities, such as the gravitational and flute instabilities
[14], where the perturbation wavenumbers of the fastest
growing unstable waves are at angles almost perpendicu-
lar to the magnetic field. The RT-like instability has also
a large growth rate for k⊥  k0, where the instability
can be expected to saturate nonlinearly by forming small-
scale structures but without disrupting the foil. The most
severe instability is at k⊥ ≈ k0, which leads to the dis-
ruption of the foil and to the broadening of the energy
spectrum [6]. A scheme tailored to reduce the maximum
of the growth rate at k⊥ ≈ k0 of the RT-like instability
could potentially make laser driven radiation pressure ac-
celeration and compression schemes more tractable.
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